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Abstract: In this paper we construct the N = 6 conformal supergravity in three
dimensions from a set of Chern-Simons-like terms one for each of the graviton, grav-
itino, and R-symmetry gauge field and then couple this theory to the N = 6 su-
perconformal ABJM theory. In a first step part of the coupled Lagrangian for this
topologically gauged ABJM theory is derived by demanding that all terms of third
and second order in covariant derivatives cancel in the supersymmtry variation of
the Lagrangian. To achieve this the transformation rules of the two separate sectors
must be augmented by new terms. In a second step we analyze all terms in δL that
are of first order in covariant derivatives. The cancelation of these terms require
additional terms in the transformation rules as well as a number of new terms in
the Lagrangian. As a final step we check that all remaining terms in δL which are
bilinear in fermions cancel which means that the presented Lagrangian and trans-
formation rules constitute the complete answer. In particular we find in the last
step new terms in the scalar potential containing either one or no structure constant.
The non-derivative higher fermion terms in δL that have not yet been completely
analyzed are briefly discussed.
Keywords: String theory, M-theory, Branes, Chern-Simons theory.
1. Introduction
Conformal field theories in three dimensions have recently experienced a number of
interesting developments. The perhaps most unexpected and profound results are
the actual construction of a seemingly unique three-dimensional maximally (N = 8)
superconformal theory by Bagger and Lambert, and by Gustavsson (BLG) [1, 2, 3, 4],
along with its N = 6 variant (ABJM) by the authors of [5, 6].
In [7] an attempt was made to couple the N = 8 BLG theory to conformal
supergravity. After presenting a detailed derivation of pure N = 8 conformal su-
pergravity, this work went on to take a first step towards the construction of a
Lagrangian describing the coupling of this theory to the BLG theory. By checking
that the supersymmetry variation of the coupled Lagrangian vanishes for terms of
third and second order in covariant derivatives a set of coupling terms were obtained.
This procedure also led to a number of new terms (as compared to the uncoupled
theories) in the supersymmetry variation of the two spin one gauge fields that enter
these two theories, namely the ones corresponding to the SO(8) R-symmetry and
BLG gauge symmetry. However, the rigidity of the BLG theory seems at this point
to prevent a straightforward continuation of this construction. For a brief discus-
sion why such topologically coupled theories might be of interest in connection with
M-theory and AdS/CFT, see the introductory section of [7].
In this paper we demonstrate that these results can be rather easily obtained
also for the N = 6 case. In fact, we will also show that one can carry this construc-
tion, without meeting any serious obstacles, all the way giving in the end the entire
Lagrangian and transformation rules. As explained in the Conclusions, however, the
proof of supersymmetry is not yet completed since some of the non-derivative higher
fermion terms in the variation of the Lagrangian remain to be checked. The paper is
organized as follows. In section two we summarize our results on the Lagrangian and
transformation rules for the coupled theory. We start the derivation of these results
in section three by constructing the N = 6 conformal supergravity theory, and then
go on in section four to review the ABJM matter sector. With these two ingredients
at hand, in section five we take the first step in the process of coupling these two
theories by carrying out the same analysis as in [7] where it was done in detail in the
N = 8 case. This step amounts to checking the cancelation of all terms with two
covariant derivatives in δL. To get this to work we are forced to add new terms to
the transformation rules of the R-symmetry and ABJM gauge fields. The following
section, section six, contains the second step where all terms in δL containing one
covariant derivative are checked and seen to cancel. This step requires a number of
new terms in both the Lagrangian and in the transformation rules, in particular we
find a U(1) gauge field to play a special role. The terms in δL bilinear in fermions
and without derivatives are then discussed in section seven and shown to cancel.
This step brings in new six-scalar terms in the potential which have either one or no
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structure constant. The theory obtained at this point can be shown to be the full
theory. However, the proof of supersymmetry is yet not completed in all details. The
terms in δL that have not been checked so far are discussed in a concluding section.
These terms are all without derivatives and contain more than two fermions.
2. The complete Lagrangian and transformation rules of topo-
logically gauged N = 6 ABJM theories: a summary
In this section we state the final result of this paper, that is, the complete Lagrangian
and supersymmetry transformation rules. The invariance under the N = 6 super-
symmetries is checked in the following sections for all terms in δL containing covariant
derivatives, as well as for all non-derivative terms that are bilinear in fermions (in-
cluding the supersymmetry parameter). At this point in the construction we are able
to conclude that the results obtained constitute the complete theory.
2.1 The ansatz for the Lagrangian and transformation rules
We find that the Lagrangian is given by (with A = ±√2)
L = Lconfsugra + L
cov
ABJM +
1
2
ǫµνρCµ∂νCρ (2.1)
+iAeχ¯BAµ γ
νγµΨAa(D˜νZ¯
a
B − i2Aχ¯νBCΨCa) + c.c. (2.2)
+iǫµνρ(χ¯ACµ χνBC)Z
B
a D˜ρZ¯
a
A + c.c. (2.3)
−iA(f¯µABγµΨAaZ¯aB + f¯µABγµΨAaZBa ) (2.4)
− e
8
R˜|Z|2 + i
2
|Z|2f¯µABχABµ (2.5)
+2ieAfabcd(χ¯µABγ
µΨd[B)ZD]a Z
A
b Z¯
c
D + c.c. (2.6)
−iǫµνρ(χ¯µABγνχCDρ )(ZAa ZBb Z¯cCZ¯dD)fabcd
+
i
4
ǫµνρ(χ¯µABγνχ
AB
ρ )(Z
C
a Z
D
b Z¯
c
CZ¯
d
D)f
ab
cd (2.7)
− i
16
eǫABCD(Ψ¯AaΨBb)Z¯
a
CZ¯
b
D + c.c.
+
i
16
e(Ψ¯DbΨ
Db)|Z|2 − i
4
e(Ψ¯DbΨ
Bb)Z¯aBZ
D
a
+
i
8
e(Ψ¯DbΨ
Da)Z¯bBZ
B
a +
3i
8
e(Ψ¯DbΨ
Ba)Z¯bBZ
D
a (2.8)
− i
16
eA(χ¯µABγ
µΨBb)|Z|2ZAb −
i
4
eA(χ¯µABγ
µΨDb)ZAa Z
B
b Z¯
a
D + c.c (2.9)
− i
4
ǫµνρ(χ¯νABγρχ
CD
µ )Z
A
a Z
B
b Z¯
a
CZ¯
b
D +
i
64
ǫµνρ(χ¯νABγρχ
AB
µ )|Z|4 (2.10)
+
1
8
efabcd|Z|2ZCa ZDb Z¯cCZ¯dD +
1
2
efabcdZ
B
a Z
C
b Z
D
e Z¯
e
BZ¯
c
CZ¯
d
D (2.11)
+
5
12 · 64e|Z|
6 − 1
32
e|Z|2ZAb ZCa Z¯bCZ¯aA +
1
48
eZAa Z
B
b Z
C
d Z¯
b
AZ¯
d
BZ¯
a
C , (2.12)
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where c.c. refers to complex conjugation of the expression on the line where it occurs.
This Lagrangian has some features that need to be clarified at this point1. The
first one concerns the ABJM Dirac term that after gauging will be written in the
self-conjugate way2
− ie
2
Ψ¯AaγµD˜µΨAa − ie2 Ψ¯AaγµD˜µΨAa. (2.13)
Secondly, the covariant derivative used here is defined by
D˜µψ
Aa = ∂µψ
Aa + 1
4
ω˜µαβγ
αβψAa +BAµBψ
Ba + A˜aµbψ
Ab + qCµψ
Aa, (2.14)
where attention should be paid to the presence of the last term. The Chern-Simons
term for this abelian gauge field is written explicitly in the Lagrangian given above
and the reason for giving the matter fields a charge q under this explicit U(1) will
become clear later when we explain how we obtain the topologically gauged ABJM
Lagrangian. We will then also see that q2 = 1
16
.
The purpose of this paper is to show that the above Lagrangian is N = 6
supersymmetric. We have found that this is the case if the fields transform as follows:
δeµ
α = iǫ¯gABγ
αχABµ , (2.15)
δχABµ = D˜µǫ
AB
g , (2.16)
δB Aµ B =
i
e
(f¯ νACγµγνǫgBC − f¯ νBCγµγνǫACg )
+ i
4
(ǫ¯BDγµΨ
a(DZA)a − ǫ¯ADγµΨa(DZ¯aB))
− i
2
(ǫ¯ACg χµDCZ
D
a Z¯
a
B − ǫ¯gBCχDCµ ZAa Z¯aD)
+ i
8
δAB(ǫ¯
EC
g χµDC − ǫ¯gDCχECµ )ZDa Z¯aE
+ i
8
(ǫ¯ADg χµBD − ǫ¯gBDχADµ )|Z|2, (2.17)
δZAa = iǫ¯
ABΨBa, (2.18)
δΨBd = γ
µǫAB(D˜µZ
A
d − iAχ¯ADµ ΨDd)
+ fabcdZ
C
aZ
D
b Z¯
c
BǫCD − fabcdZAa ZCb Z¯cCǫAB
+
1
4
ZCc Z
D
d Z¯
c
BǫCD +
1
16
|Z|2ZAd ǫAB, (2.19)
δA˜ cµ d = −i(ǫ¯ABγµΨAaZBb − ǫ¯ABγµΨAbZ¯aB)f bcad
− 2i(ǫ¯ADg χµBD − ǫ¯gBDχADµ )ZBb Z¯aAf bcad, (2.20)
δCµ = −iq(ǫ¯ABγµΨAaZBa − ǫ¯ABγµΨAaZ¯aB)
− 2iq(ǫ¯ADg χµBD − ǫ¯gBDχADµ )ZBa Z¯aA , (2.21)
1For comments about the introduction of a dimensionless gravitational coupling constant and
levels, see the concluding section.
2The SU(4) indices are used to keep track of complex conjugation while the bar indicates if the
SO(2,1) spinor index has been raised or lowered with a charge conjugation matrix (which are never
written out explicitly).
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where ǫABm = Aǫ
AB
g = ǫ
AB, A = ±√2 and q2 = 1
16
.
Finally we note that explicit covariant derivatives appear only in two terms in
the Lagrangian, namely the supercurrent term and, on the following line in the
Lagrangian above, the χχZDZ term. There is also an explicit covariant derivative
in the transformation rules of the Rarita-Schwinger field and the ABJM fermion. In
this context we note that in the latter case the derivative is made supercovariant by
adding a second term giving the factor (DZ − χΨ). The same has to be done in the
supercurrent term in the Lagrangian but with an extra factor of 1
2
. Note, however,
that the other derivative term in L is not augmented with a similar term. We have
checked that such a term, which would be cubic in χ, has zero coefficient. Thus all
terms with more than two χ fields are in fact absorbed into the covariant derivatives
and field strengths in the Lagrangian.
The demonstration of supersymmetry carried out in the following sections is di-
vided into several steps starting with a construction ofN = 6 conformal supergravity.
This is followed by adding on the ABJM theory and a stepwise incorporation of var-
ious subsets of the interaction terms given above as supersymmetry is checked for
more and more terms in δL, organized in decreasing order in covariant derivatives.
3. Pure topological N = 8 and N = 6 supergravity in three
dimensions
ForN = 1 a conformal and locally supersymmetric gravity theory in three dimensions
consisting of two Chern-Simons like terms was shown to exist by Deser and Kay in
[8] using methods that are generalized to N = 8 in [7] and in this paper to six
supersymmetries. In [9] the N = 1 theory was derived from the superconformal
algebra by imposing constraints on some of the field strength components, while in
[10] the same methods were used to obtain a superconformal Lagrangian for any N .
In [7] also the problem of coupling the N = 8 conformal supergravity to the
N = 8 BLG theory was discussed and the Lagrangian partly derived. Here we
will first briefly review the construction of N = 8 pure topological supergravity as
presented in [7], and then redo this for N = 6. The goal in the following sections
is then to derive the Lagrangian describing the coupling of this N = 6 topological
gravity theory to the ABJM theory where we in a first step follow [7].
3.1 N = 8 pure topological supergravity
Following the work of Deser and Kay [8] the authors of [7] constructed the on-shell
Lagrangian of three-dimensional N = 8 conformal supergravity using only the three
gauge fields of ’spin’ 2, 3/2 and 1, i.e., eµ
α, χµ, B
ij
µ . The result is
L =
1
2
ǫµνρTrα(ω˜µ∂νω˜ρ +
2
3
ω˜µω˜νω˜ρ)− ǫµνρTri(Bµ∂νBρ + 2
3
BµBνBρ)
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−ie−1ǫαµνǫβρσ(D˜µχ¯νγβγαD˜ρχσ), (3.1)
which was in [7] explicitly shown to have N = 8 supersymmetry under the following
transformation rules of the dreibein and Rarita-Schwinger field:
δeµ
α = iǫ¯γαχµ, δχµ = D˜µǫ. (3.2)
By demanding supersymmetry for any value of the R-symmetry gauge field strength,
one immediately concludes that the gauge field must vary under supersymmetry as
follows:
δBijµ = −
i
2e
ǫ¯Γijγνγµf
ν . (3.3)
The covariant derivative appearing in the Lagrangian and in the variation of the
Rarita-Schwinger field takes the form
D˜µǫ = ∂µǫ+
1
4
ω˜µαβγ
αβǫ+
1
4
Bijµ Γ
ijǫ, (3.4)
acting on a three-dimensional spinor in an SO(8) spinor representation.
Thus we explicitly gauge both the SO(1, 2) Lorentz and the SO(8) R symmetry.
Note that the spinors in the gravity sector, i.e., the SUSY parameter and the Rarita-
Schwinger field, are of the same SO(8) chirality while the spinor in the BLG theory
is of opposite chirality. The commutator of two supercovariant derivatives, acting on
an SO(8) spinor, is
[D˜µ, D˜ν ] =
1
4
R˜µναβγ
αβ +
1
4
GijµνΓ
ij, (3.5)
It will be convenient to define the dual R-symmetry and curvature fields
G
∗µ
ij =
1
2
ǫµνρGνρij , R˜
∗µ
αβ =
1
2
ǫµνρR˜νραβ (3.6)
and similarly for ω˜, as well as the double and triple duals
R˜∗∗µ,α =
1
2
ǫαβγR˜∗µβγ, R˜∗∗∗µ =
1
2
ǫµναR˜
∗∗ν,α. (3.7)
Also as in [8], we define the spin 3/2 field strength
fµ =
1
2
ǫµνρD˜νχρ, (3.8)
which can be used to write the spin 3/2 conformal term in the Lagrangian as
−4i(eµαeνβe−1)f¯µγβγαf ν . (3.9)
The standard procedure to obtain local supersymmetry is to start by adding
Rarita-Schwinger terms to the dreibein-compatible ω in order to obtain a superco-
variant version of it. That is, we define
ω˜µαβ = ωµαβ +Kµαβ , (3.10)
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where
ωµαβ =
1
2
(Ωµαβ − Ωαβµ + Ωβµα), (3.11)
with
Ωµνα = ∂µeν
α − ∂νeαµ, (3.12)
and
Kµαβ = − i
2
(χ¯µγβχα − χ¯µγαχβ − χ¯αγµχβ). (3.13)
This combination of spin connection and torsion is supercovariant, i.e., derivatives
on the supersymmetry parameter cancel out if ω˜µαβ is varied under the ordinary
transformations of the dreibein and Rarita-Schwinger field.
In [7] the supersymmetry of the Lagrangian given above for N = 8 conformal
supergravity was demonstrated in full detail which required a certain amount of Fierz
transformations. We will not discuss this further here. Instead we turn to the N = 6
case and give some of the details in that context.
3.2 N = 6 pure topological supergravity
Let us start from the fact that in the ABJM theory [5] the supersymmetry pa-
rameter is written ǫAB, with two antisymmetric SU(4) indices in the fundamental
representation, thus producing six complex components. To get a parameter in the
real six-dimensional vector representation of SU(4) = SO(6) we need to impose the
complex self-duality condition (recall that ǫAB = (ǫAB)
∗)3
ǫAB = 1
2
ǫABCDǫCD. (3.14)
With these conventions the local supersymmetry transformations take the form
δeµ
α = iǫ¯ABγαχµAB, δχµAB = D˜µǫAB. (3.15)
Our goal now is to find a conformal Lagrangian that is supersymmetric under
the above N = 6 transformations of the dreibein and the Rarita-Schwinger field
together with a transformation of the SO(6) R-symmetry gauge field B Aµ B that
will be determined in the course of the calculation. This superconformal N = 6
supergravity theory will then be coupled to the ABJM theory in later sections.
As we will show below the Lagrangian is the same as for N = 8 apart from the
normalization of the R-symmetry Chern-Simons term which differs by a factor of two.
This is due to the fact that the trace is over the fundamental SU(4) representation
(indices A,B, ...) instead of the vector representation as in the N = 8 case. Thus we
claim that the Lagrangian for N = 6 is
L =
1
2
ǫµνρTrα(ω˜µ∂νω˜ρ +
2
3
ω˜µω˜νω˜ρ)− 2ǫµνρTrA(Bµ∂νBρ + 2
3
BµBνBρ)
3See the previous footnote.
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−ie−1ǫαµνǫβρσ(D˜µχ¯ABν γβγαD˜ρχσAB), (3.16)
where the last term can also be written
−4i(eµαeνβe−1)f¯µABγβγαf νAB, (3.17)
in terms of the Rarita-Schwinger field strength fµAB defined as in the N = 8 case
discussed above.
The covariant derivative acting on for instance the susy parameter is defined by
D˜µǫAB = ∂µǫAB +
1
4
ω˜µαβγ
αβǫAB −BµCAǫCB − BµCBǫAC . (3.18)
By demanding that terms proportional to the R-symmetry gauge field strength cancel
among themselves we find the following transformation rule for the Bµ field
δBµ
A
B =
i
e
(f¯ACσ γµγ
σǫBC − f¯σBCγµγσǫAC). (3.19)
This expression can also be written
δBµ
A
B =
2i
e
(f¯ACσ γµγ
σǫBC − 14δAB f¯CDν γµγνǫCD), (3.20)
and hence is defined to be traceless (see comment at the end of this subsection).
The calculation now goes through exactly as for N = 8, using for instance
expressions like
δω˜∗µ,ν = −2i(ǫ¯ABγµfνAB − 12gµν ǫ¯ABγρfρAB) (3.21)
and leads to the following expression for δL:
δL = 4
e
ǫ¯AB(γµγνf
µ
AB)f¯
CD
σ γ
νχσCD
+8
e
f¯
µ
CD(γνγαf
νCD)(ǫ¯ABγ
αχABµ − 12eµαǫ¯ABγσχABσ ),
+ 4
e2
(f¯µABγνγµ)γγχ
AB
ρ ǫ
νρσ(ǫ¯CDγσf
γ
CD − 12eσγ ǫ¯CDγτf τCD),
−16
e2
(f¯µABγνγµ)χσCBǫ
νρσ ǫ¯AD(γτγρf
τCD)
+ 8
e2
(f¯µABγνγµ)χσABǫ
νρσ ǫ¯CD(γτγρf
τCD). (3.22)
As in the N = 8 case presented in detail in [7], to demonstrate supersymmetry
we need to Fierz this expression and show that it vanishes. However, at this point
we will diverge from the treatment of the N = 8 theory where both the SO(1, 2)
and the SO(8) spinor indices were Fierzed together. Here we first Fierz only the
spacetime SO(1, 2) spinors and then instead apply representation theory arguments
or alternatively cycling of the N = 6 spinor indices to conclude the proof of super-
symmetry.
The strategy is thus to use the three-dimensional Fierz identity
A¯BC¯D = −1
2
(A¯DC¯B + A¯γµDC¯γµB) (3.23)
– 8 –
to write all terms in δL above in a form similar to the second term, i.e., with the
two fµAB in the same scalar factor. The result of this operation is a number of terms
similar to the second term but with the SU(4) indices appearing in various positions:
The two fµAB can have both indices contracted (as in the second term) as well as one
(from the fourth term) or no (from the remaining terms) contracted indices.
To understand how these different terms are related to each other it is convenient
to recall from the appendix of ref.[7] that the terms in δL can be Fierzed into a com-
bination of twelve mutually independent expressions (disregarding for the moment
the SU(4) indices) of the type (f¯µfν)(ǫ¯χρ)ǫ
µνρ, (f¯µγ
νfµ)(ǫ¯χν) etc. Then considering
the fact that 6 × 6 = 1 + 15 + 20 where, if written in terms of four fundamental
indices, 15 is antisymmetric and 1 and 20 are symmetric under an interchange of
the two antisymmetric pairs of indices. Using these properties all terms in δL with
the expression f¯ ...f in any given representation can be collected and seen to cancel
exactly.
A second way to obtain this result arises if we consider the fact that the anti-
symmetrization of five SU(4) indices vanishes. We can then relate all terms with
different index structures to the three independent ones 1, 15 and 20, which can
then be collected and seen to cancel separately.
This theory will only be supersymmetric if the gauged R-symmetry is SU(4),
i.e., trying to include an abelian factor does not work. This can be seen for instance
by making use of the equation
f¯ACχBC = −f¯BCχAC + 12δAB f¯CDχCD, (3.24)
that is a direct consequence of the self-duality properties of the two fields in the
equation. Note that this particular combination of f and χ appears for instance in the
Chern-Simons term for the gravitino field where it is contracted with an R-symmetry
gauge field. Demanding that this term in the Lagrangian is real implies, due to the
second term on the right hand side above, that the Bµ
A
B field is traceless. The term
that removes the trace is then responsible for the very last term in expression for δL
presented above, and is needed in order to conclude that all terms cancel.
Similarly to the SO(8) case, the theory considered here also has local scale invari-
ance (denoted by an index ∆) and possesses N = 6 superconformal (shift) symmetry
(denoted by S) with the following transformation rules (where φ is the local infinites-
imal scale parameter and η the local shift parameter)
δ∆eµ
α = −φ(x)eµα,
δ∆χ
AB
µ = −12φ(x)χABµ ,
δ∆B
A
µ B = 0, (3.25)
and
δSeµ
α = 0,
– 9 –
δSχ
AB
µ = γµη
AB,
δSB
A
µ C = −i(η¯ABχµBC − χ¯ABµ ηBC). (3.26)
4. The N = 6 ungauged ABJM theory
In this section we review the (ungauged) superconformal matter sector, i.e., the
ordinary ABJM theory, to which we would like to couple the superconformal gravity
derived in the previous section. The resulting ”topologically gauged” ABJM theory
is then the subject of the following sections.
4.1 Review of the ungauged N = 6 superconformal ABJM action
The formulation of the N = 6 matter theory in [5] makes no reference at all to any
three-algebra structure constants in contrast to the situation for the N = 8 BLG
theory. However, as shown in [11] the ABJM theory is easily rewritten in terms of
such structure constants, a fact that was further developed in [12] where the theory
was expressed in terms of an additional algebraic structure related to generalized
Jordan triple systems. This provides a new interpretation of the index structure of
the fields and the structure constants in terms of an infinitely graded Lie algebra4.
The particular form of the ABJM action that we find convenient to use here is
presented in [12].
In this new form of ABJM action, the complex scalars and fermions are defined
to have the specific index structure ZAa and ΨAa, while their complex conjugates have
the index structure ZaA and Ψ
Aa. These fields are then connected to a formulation of
the theory where the structure constants have two upper and two lower indices [12].
Furthermore, these indices are antisymmetric in each pair separately
fabcd = f
[ab]
cd = f
ab
[cd] . (4.1)
The action of the N= 6 M2-theory can now be written as follows:
L = −(DµZAa )(DµZ¯Aa)− iΨ¯AaγµDµΨAa
−ifabcdΨ¯AdΨAaZBb Z¯cB + 2ifabcdΨ¯AdΨBaZBb Z¯cA
− i
2
ǫABCDf
ab
cdΨ¯
AcΨBdZCa Z
D
b − i2ǫABCDf cdabΨ¯AcΨBdZ¯aCZ¯bD
−V + 1
2
ǫµνλ(fabcdAµ
d
b∂νAλ
c
a +
2
3
f bdgcf
gf
aeAµ
a
bAν
c
dAλ
e
f) , (4.2)
where the gauge fields A aµ b naturally appear in the covariant derivatives in the fol-
lowing form
A˜µ
a
b = f
ac
bdAµ
d
c , (4.3)
and the potential takes the form
V = 2
3
ΥCDBdΥ¯CD
Bd , (4.4)
4This algebra is further discussed in [13].
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ΥCDBd = f
ab
cdZ
C
a Z
D
bZ¯
c
B + f
ab
cdδ
[C
BZ
D]
a Z
E
b Z¯
c
E . (4.5)
The transformation rules for the six supersymmetries, parametrized by the complex
self-dual three-dimensional spinor ǫAB, read:
δZAa = iǫ¯
ABΨBa , (4.6)
δΨBd = γ
µDµZ
A
d ǫAB + f
ab
cdZ
C
a Z
D
b Z¯
c
BǫCD − fabcdZAa ZCb Z¯cCǫAB , (4.7)
δAµ
a
b = −iǫ¯ABγµΨAaZBb + iǫ¯ABγµΨAbZ¯aB . (4.8)
This action can be shown to be N = 6 supersymmetric provided that the struc-
ture constants obey the fundamental identity [12] (see also [11])
fa[bdcf
e]d
gh = f
be
d[gf
ad
h]c , (4.9)
and, under complex conjugation,
(fabcd)
∗ = f cdab ≡ fabcd. (4.10)
5. Coupling N = 6 conformal supergravity to ABJM matter:
the result after cancelation of (Dµ)
2 terms in δL
In the two previous sections we have discussed both the ABJM theory and N = 6
conformal supergravity, the latter derived explicitly in section three. The coupling
of these two theories to each other can be obtained in several ways. Here we will use
the method based on an expansion in powers of derivatives used previously in ref.
[7]. Thus, as the first step we consider in this section only the cancelation of terms
in the variation of the Lagrangian that are of second order in covariant derivatives.
Terms of third order in derivatives also appear but only in the supergravity sector
and have thus already been analyzed. This procedure was demonstrated in [7] to
produce additional terms in the transformation rules for the spin one gauge fields in
addition to a set of coupling terms that render the theory supersymmetric to this
order in covariant derivatives. Applying this strategy here we use the following terms
as a starting point:
L = Lconf.sugra + L
cov.
ABJM + L
cov
supercurrent, (5.1)
where Lconf.sugra has been given in a previous section, the covariantized ABJM La-
grangian
Lcov.ABJM = e(−(D˜µZAa )(D˜µZ¯aA)− iΨ¯AaγµD˜µΨAa + LY ukawa − V ) + LCS(A),
(5.2)
and
Lcovsupercurrent = Aie(χ¯µABγ
νγµΨBa)(D˜νZ
A
a − i2Aˆχ¯ADν ΨDa) + c.c., (5.3)
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where the constants A and Aˆ will be determined below.
The transformation rules at this point in the analysis are the ones used in sections
three and four but with fully covariant derivatives, reproduced here for convenience,
δeµ
α = iǫ¯ABg γ
αχµAB ,
δχµAB = D˜µǫ
AB
g ,
δBµ
A
B =
i
e
(f¯ACσ γµγ
σǫgBC − f¯σBCγµγσǫACg ) ,
δZAa = iǫ¯
AB
m ΨBa ,
δΨBd = γ
µ(D˜µZ
A
d − iAˆχ¯ADµ ΨDd)ǫmAB + fabcdZCa ZDb Z¯cBǫmCD − fabcdZAa ZCb Z¯cCǫmAB ,
δAµ
a
b = −iǫ¯mABγµΨAaZBb + iǫ¯ABm γµΨAbZ¯aB , (5.4)
where the two (gravity and matter) supersymmetry parameters will be related below.
We will later need to add more terms in order to keep the theory supersymmetric
to the order of approximation we are then working. Note, however, that the hatted
coefficient Aˆ in the ansatz is not determined by the (D˜µ)
2 calculation below but
simply by demanding that the D˜µZ factor in δΨ be supercovariant, i.e., D˜µZ must
be replaced, as done in the ansatz, by D˜µZ−iAˆχ¯Ψ in order to eliminate terms where
the derivative acts on the supersymmetry parameter when this expression is varied.
The parameter Aˆ is then obtained as soon as the relation between the ABJM and
supergravity supersymmetry parameters are determined. Note that the presence of
a factor of 1
2
in front of Aˆ in the supercurrent term is common in supergravity and
follows from standard arguments. These features of the theory will be verified in the
next chapter when supersymmetry is implemented by canceling terms in δL with one
derivative.
5.1 Supersymmetry at order (D˜µ)
2
We start by performing the variation of the covariantized scalar and spinor kinetic
terms. The scalar one
L1 = −egµν(D˜µZAa )(D˜νZ¯aA), (5.5)
gives
δL1 = 2ie(D˜µZ
A
a )(D˜νZ¯
a
A)(ǫ¯
BC
g γ
(µχ
ν)
BC − 12gµν ǫ¯BCg γρχρBC)
+ie(ǫ¯ABm ΨBa˜Z¯
a
A + ˜Z
A
a ǫ¯mABΨ
Ba)
−egµν(−ZAb δA˜µba + δBµABZBa )D˜νZ¯aA
−egµνD˜µZAa (δA˜νabZ¯bA − Z¯aBδBνBA). (5.6)
Our first goal will be to cancel the first two lines. For the second line we need the
variation of the Dirac term
L2 = −ieeαµΨ¯AaγαD˜µΨAa. (5.7)
Its variation reads, after an integration by parts which produces a torsion term
D˜µeα
µ = Kµα
µ = χ¯BCα γ
βχβBC (second line),
δL2 = 2eǫ¯
BC
g γ
βχρBCe[α
µeβ]
ρΨ¯AaγαD˜µΨAa
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+e(χ¯BCα γ
βχβBC)Ψ¯Aaγ
αδΨAa
−ie(Ψ¯AaγµD˜µδΨAa + Ψ¯AaγµD˜µδΨAa)
−ieΨ¯Aaγµ(1
4
δω˜µαβγ
αβΨAa + δA˜µa
bΨAb + δBµA
BΨBa). (5.8)
Thus we need to compute γνD˜νδΨBd. We find, again using D˜νeα
µ = Kνα
µ,
γνD˜νδΨBd = (γ
νγµD˜νD˜µZ
A
d )ǫmAB + γ
νγµ(D˜νǫmAB)(D˜µZ
A
d ) + γ
νγαǫmAB(D˜µZ
A
d )Kνα
µ
−iAˆγνγαǫmABKναµ(χ¯ADµ ΨDd)− iAˆγνγµD˜νǫmAB(χ¯ADµ ΨDd)
−iAˆγνγµǫmAB(D˜νχ¯ADµ ΨDd + χ¯ADµ D˜νΨDd)
+γνǫmCDf
ab
cd(2(D˜νZ
C
a )Z
D
b Z¯
c
B + Z
C
a Z
D
b (D˜νZ¯
c
B))
−γνǫmABfabcd((D˜νZAa )ZCb Z¯cC + ZAa (D˜νZCb )Z¯cC + ZAa ZCb (D˜νZ¯cC))
+fabcd(γ
νD˜νǫmCDZ
C
a Z
D
b Z¯
c
B − γνD˜νǫmABZAa ZCb Z¯cC) . (5.9)
Now since
γνγµD˜νD˜µZ
A
d = ˜Z
A
d +
1
2
γµν (˜Fµνd
eZAe +Gµν
A
BZ
B
d ) (5.10)
we see that the box terms from the variations of the scalar and spinor kinetic terms
cancel.
Next we concentrate on the first line of the variation of the scalar kinetic term
above and the second term in the variation of the Dirac operator. To cancel these
two terms one needs to introduce the supercurrent term. Our ansatz for this term
reads
LSC1,2 = −Ai(eeαµeβν)χ¯ABµ γβγαΨAa(D˜νZ¯aB − i2Aˆχ¯νBCΨCa)
− Ai(eeαµeβν)χ¯µABγβγαΨAa(D˜νZBa − i2Aˆχ¯BCν ΨCa) , (5.11)
where the index 1 refers to the first term in the two brackets and 2 to the Aˆ terms.
Terms of the kind we are here seeking to cancel arise if we vary the two spinors in
LSC1 . Varying χ gives
−AieD˜µǫ¯ABg γνγµΨAaD˜νZ¯aB + c.c. (5.12)
while the variation of Ψ produces the result
−Aieχ¯ABµ γνγµγρD˜ρZDa ǫmDAD˜νZ¯aB + c.c. . (5.13)
Using the duality flip and the identity
γνγµγρ = 1
e
ǫνµρ + 2(gµ(νγρ) − 1
2
gνργµ) (5.14)
we find that demanding cancelation gives two conditions on the matter and gravity
supersymmetry parameters:
2ǫg = Aǫm, ǫm = Aǫg, → A = ±
√
2, ǫg = ± 1√2ǫm. (5.15)
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After these cancellations the remaining D˜2 terms are
iA(χ¯ABµ ǫmAD − χ¯µADǫABm )ǫµνρD˜νZDa D˜ρZ¯aB , (5.16)
which forces us to add a χ2 term to Lagrangian, namely
LA′ = iA
′ǫµνρχ¯ACµ χνBCZ
a
AD˜ρZ¯
B
a + c.c. , (5.17)
where χ¯χ is automatically in the representation 15 of SU(4) so the derivative can
only be integrated by parts onto the other scalar field (reality of this term then
follows from the duality flip property). The variation gives, after some integrations
by parts,
δLA′ = −2iA′(ǫ¯ACg f ρBC − f¯ ρACǫgBC)(ZBa D˜ρZ¯aA)
+iA′ǫµνρ(ǫ¯ACg χµBC − χ¯ACµ ǫgBC)(D˜νZBa D˜ρZ¯aA + 12ZBa F˜νρabZ¯bA + 12ZBa GνρADZ¯aD)
−A′ǫµνρχ¯ACµ χνBC(ǫ¯BDm ΨDa(D˜ρZ¯aA) + ZBa (D˜ρǫ¯mAD)ΨDa + ZBa ǫ¯mAD(D˜ρΨDa)).
+c.c. . (5.18)
Thus we find that, provided A′ = 1, the term D˜νZBa D˜ρZ¯
a
A and its complex conjugate
cancel the same terms previously obtained in the variation of the supercurrent.
This leaves us with the following D˜2 terms
−2iA′(ǫ¯ACg f ρBC − ǫ¯gBCf ρAC)ZBa D˜ρZ¯aA + c.c. . (5.19)
If we now consider the terms obtained by performing the gravitational variation
of the R-symmetry gauge field in the Klein-Gordon term, we find
δL1|δBµ|grav = −i(f¯ νACγµγνǫgBC − f¯ νBCγµγνǫACg )(ZBa (D˜µZ¯aA)− (D˜µZBa )Z¯aA),(5.20)
which is entirely a contribution to the D˜2 terms. Using the fact that A′ = 1 found
above, this expression can be combined with the one in the previous paragraph
leaving the following D˜2 terms in δL
i(f¯ νACγνγ
µǫgBC − f¯ νBCγνγµǫACg )(ZBa (D˜µZ¯aA)− (D˜µZBa )Z¯aA). (5.21)
The next term to be added is
LA′′ = iA
′′(f¯AB · γΨAaZ¯aB + f¯AB · γΨAaZBa ). (5.22)
If we concentrate on the D˜2 terms we get two such from the variation of χ in f and
of Ψ. The former gives
i
2
A′′ǫµνρD˜νD˜ρǫ¯ABg γµΨAaZ¯
a
B + c.c.
= i
4
A′′ǫµνρ(−1
4
R˜νραβ ǫ¯
AB
g γ
αβ + 2Gνρ
[A
C ǫ¯
|C|B]
g )γµΨAaZ¯
a
B + c.c. , (5.23)
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while the latter generates the expression
iA′′f¯BAν · γνγµ(D˜µZCd ǫmCB − iAˆχ¯CDµ ΨDdǫmCB
+fabcdZ
C
a Z
D
b Z¯
c
BǫmCD − fabcdZDa ZCb Z¯cCǫmDB)Z¯dA + c.c, (5.24)
where the first term is a D˜2 term, which for A′′ = ∓√2 exactly cancels the traceless
part of the previous expression above leaving just the trace part:
− iA′′
4
(f¯AB · γγµǫmAB)(D˜µ(ZZ¯))
= − iA′′
4
(ǫ¯gABf
µAB − ǫµσρǫ¯gABγσfABρ )(D˜µ(ZZ¯)). (5.25)
The next term we need is
LRZ2 = − e8R˜|Z|2 (5.26)
which has the following variation
δL˜RZ2 =
i
4e
|Z|2R˜∗∗µ,ν ǫ¯ABg γνχµAB − i4eR˜∗∗(ǫ¯ABm ΨAaZ¯aB + ǫ¯mABΨAaZBa )
+ i
2e
ǫµνρ(D˜µ|Z|2 +Kσµσ|Z|2)ǫ¯ABg γνfρAB
+ i
2e
ǫµνρKµν
σ|Z|2(ǫ¯ABg γσfρAB − 12gσρǫ¯ABg γ · fAB), (5.27)
where we used the fact that
δω˜∗ν
αβ = 2i
e2
ǫαβρ(ǫ¯ABg γνfρAB − 12gνρǫ¯ABg γσfσAB), (5.28)
and that the double dual of the Ricci tensor with torsion
R˜∗∗ν,µ = R˜µ,ν − 12gµνR˜, (5.29)
where one should note the order of the indices.
Thus we find that two new cancellations occur between the second and the third
terms in this expression and the corresponding ones proportional to A′′ above. This
leaves three terms at the D˜2 level to discuss. One is proportional to the R-symmetry
gauge field and generates an additional contribution to the variation of the gauge
field. The other two are
i
4e
|Z|2R˜∗∗µ,ν ǫ¯ABg γνχµAB − i4A′′(ǫ¯ABg fµAB)(D˜µ(ZZ¯)). (5.30)
The final term we need to add in order to demonstrate that all D˜2 terms cancel
in δL is the fermionic analog of LR|Z|2, namely
LZ2fχ = iA
′′′|Z|2f¯µABχABµ (5.31)
whose variation reads
δLZ2fχ = A
′′′(ǫ¯ABΨAaZBa + ǫ¯
ABΨAaZ¯
a
B)f¯
µχABµ − iA′′′(D˜µ|Z|2)f¯µABǫABg
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− i
2
A′′′|Z|2(R˜∗∗µ,ν ǫ¯gABγνχABµ − 2ǫµνρGµνAC ǫ¯CBg χρAB)
+ i
2
A′′′|Z|2ǫµνρ(−1
4
δω˜ναβχ¯ρABγ
αβχABµ + 2δBν
A
Cχ¯
CB
ρ χµAB). (5.32)
Thus we see that the last D˜2 terms in the previous paragraph are canceled by choosing
A′′′ = 1
2
and the theory is hence supersymmetric at this order and above in covariant
derivarives. Note that in the two-star curvature term only the symmetric part is D˜2.
To cancel the Gµν-terms and Fµν-terms we obtained above, it is necessary to add
new terms to the variations of the gauge fields Aµ and Bµ, chosen such that their
Chern-Simons terms give exactly the same Gµν-terms and Fµν-terms but with the
opposite sign.
Before analysing the terms with less than two derivatives we summarize what
we have found so far:
L|D˜3,D˜2 = Lconfsugra + LcovBLG + iA(eeαµeβν)χ¯ABµ γβγαΨAa(D˜νZ¯aB − i2Aˆχ¯νBCΨCa) + c.c.
+iA′ǫµνρχ¯ACµ χνBCZ
a
AD˜ρZ¯
B
a + c.c.
+iA′′(f¯µABγµΨAaZ¯aB + f¯
µ
ABγµΨ
AaZBa )
− e
8
R˜|Z|2 + iA′′′|Z|2f¯µABχABµ (5.33)
is supersymmetric to second and third order in derivatives under the following trans-
formation rules
δeµ
α = iǫ¯gABγ
αχABµ ,
δχABµ = iD˜µǫ
AB
g ,
δB Aµ B = i(f¯
νACγµγνǫgBC − f¯ νBCγµγνǫACg )
+ i
4
(ǫ¯mBDγµΨ
a(DZA)a − ǫ¯ADm γµΨa(DZ¯aB))
− i
4
(ǫ¯ACg χµDC − ǫ¯gDCχACµ )ZDa Z¯aB − i4(ǫ¯DCg χµBC − ǫ¯gBCχDCµ )ZAa Z¯aD − trace
+ i
8
(ǫ¯ADg χµBD − ǫ¯gBDχADµ )|Z|2,
δZAa = iǫ¯
AB
m ΨBa,
δΨBd = γ
µǫmAB(D˜µZ
A
d − iAˆχ¯ADµ ΨDd)
+ fabcdZ
C
aZ
D
bZ¯B
cǫmCD − fabcdZAaZCbZ¯CcǫmAB,
δA aµ b = −i(ǫ¯mABγµΨAaZBb − ǫ¯ABm γµΨAbZ¯aB)
−2i(ǫ¯ADg χµBD − ǫ¯gBDχADµ )ZBb Z¯aA , (5.34)
provided the parameters introduced in this section are given the values
ǫg = ± 1√2ǫm, A = ±
√
2, A′ = 1, A′′ = ∓
√
2, A′′′ = 1
2
. (5.35)
5.2 Comments on the results at this stage
We now turn to the hatted parameter Aˆ. Having found the relation between the
supersymmetry parameters in the ABJM and supergravity theories, we can also
determine Aˆ by requiring that the variation of Ψ be supercovariant, which gives Aˆ =
±√2. This result will be confirmed in the next section. There we will also discover
that supersymmetry does not demand that the χχZDZ term be supercovariantized
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which is welcome because that would mean terms of the type χ3ΨZ. In fact, from
section two we know that the Lagrangian does not contain any terms at all with
more than two explicit χ fields.
Recall also that we concluded that the R-symmetry gauge field B Aµ B is trace-
less when checking the local supersymmetry in the pure supergravity sector. This
property must be implemented also after coupling it to matter. Inspecting the trans-
formation rule of δB Aµ B above we see that this property is indeed satisfied also when
the new terms are included.
Finally we would like to comment on the the abelian gauge field that is written
out explicitly in the Lagrangian in section two. That this field provides an extra
freedom at the order (D˜µ)
2 can be seen as follows. Introducing a charge q in the
covariant derivative means that (suppressing R-symmetry indices)
[D˜µ, D˜ν ]Z
a = F˜µν
a
bZ
b + qFµνZ
a. (5.36)
The cancelation at this point in the analysis then works as follows. The relevant
terms are
δL|D2 = ǫµνρ(F˜µνabZb + qFµνZa)Jρa + ǫµνρ(δAµabF˜νρba + δCµFνρ), (5.37)
which vanishes provided
δAµ
a
b = −ZaJµb ,
δCµ = −qZaJµa, (5.38)
that is, for any value of the charge q even though the structure of Jµa is dictated by
the theory. This fact will be made use of in the next section.
6. Cancelation of all terms in δL with one covariant derivative
In this section we continue the program of constructing a supersymmetric Lagrangian
by considering the cancelation of all terms in δL that are of first order in the covariant
derivative. As we will see below this will force us to introduce a number of new
terms in the Lagrangian as well as to add further terms to the transformation rules
presented at the end of the previous section.
Considering only the field content, there are six different kinds of terms in δL
containing one derivative, two of these are bilinear in fermions, three are quartic and
one is of sixth order in fermionic variables (including the supersymmetry parameter).
Some structures come with different γ content and either with or without a structure
constant which makes the list of independent terms to check a bit longer. We consider
the cancelation of these terms in the order of increasing number of fermions. This
will not fix the Lagrangian completely although the final form of the transformation
rules will be determined. In the next section we will extend the analysis to terms in
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δL which have two fermions and no derivatives. The information then obtained will
be enough to give the final answer also for the Lagrangian.
To be more precise this part of the analysis will force us to add new terms to the
supersymmetry transformation rules, that is, terms over and above those specified
at the end of the last section. In particular we will need in δΨ new Z3 terms without
a structure constant:
δΨBd|new = 14ZCc ZDd Z¯cBǫCD + 116 |Z|2ZAd ǫAB. (6.1)
It will also become clear from the calculations below that the underlying ABJM
matter theory must be extended by an extra U(1) gauge field as we have already
mentioned in previous sections. In the final Lagrangian presented in section two the
Chern-Simons term for this gauge field (denoted Cµ) was given explicitly. There
its transformation rule was also presented and in this section we will see how these
features of the theory arise.
Note that in the headings below ·f refers to the fact that the term contains a
structure constant fabcd and that the derivative can be acting on any of the fields
although it is generally written as acting on the scalars.
6.1 Terms of second order in fermionic variables
6.1.1 e(ǫ¯γµΨ)D˜µZ
3 · f
This calculation is needed already in the ungauged ABJM case. The new feature
here is a remaining term where the derivative acts on the supersymmetry parameter.
Such terms are easily canceled by adding new terms in the Lagrangian containing a
χµ that when varied gives rise to the same kind of unwanted terms in δL but with
opposite sign. These new terms are here of the form eχΨZ3 · f and appear in the
Lagrangian in section two as the terms on the line (2.6).
6.1.2 e(ǫ¯γµΨ)D˜µZ
3
The terms considered here are similar to the ones just analyzed apart from the
important fact that they do not contain a structure constant. Such terms arise due
to the presence of the new ǫΨZ terms (without structure constants) that we found
were necessary to add to δBµ in the previous section. These new terms will, however,
create problems when used in the variation of the Klein-Gordon term. Our approach
to deal with this will contain additional modifications of the transformation rules
together with new Yukawa-like terms without structure constants in the Lagrangian.
Thus we add to the Lagrangian the five possible structures that can be built out
of two Ψ and two Z fields without using a structure constant. These terms are then
varied under δΨ|DZ . To get this to work it turns out necessary to first modify δΨ by
adding to it two Z3 terms without structure constants (see (6.1)) and consider the
variation of the Dirac term and, secondly, to introduce an extra U(1) gauge field that
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plays a special role. To this end we give the corresponding gauge field the following
transformation rule
δCµ|ψ = −iq(ǫ¯ABγµΨAaZBa − ǫ¯ABγµΨAaZ¯aB), (6.2)
and the ABJM matter fields charge q = ±1
4
. When adding the corresponding vari-
ation of the Klein-Gordon term we find that there remains only a term with the
derivative acting on the parameter. This last term we can cancel as usual by adding
χΨZ3 terms without structure constants to the Lagrangian.
6.1.3 eǫµνρ(ǫ¯γµχν)D˜ρZ
4 · f and e(ǫ¯χµ)D˜µZ4 · f
These terms arise from the variation of the δA˜µ in the Klein-Gordon term, the δΨ|Z3·f
variation in the first part of the supercurrent term and the δΨ|DZ in the new χΨZ3 ·f
term in the Lagrangian. Adding these we find that the terms without ǫµνρ cancel
directly while the ones with an epsilon tensor do not. However, also the ”f-terms”
f¯ · γΨZ varied under δΨ|Z3·f contributes to the epsilon terms and when added leave
only a D˜µǫ term which is canceled by adding an ǫ
µνρχ¯µγνχρZ
4 term to L.
6.1.4 eǫµνρ(ǫ¯γµχν)D˜ρZ
4 and e(ǫ¯χµ)D˜µZ
4
By varying the first part of the supercurrent under δΨ|Z3 and the χΨZ3 term under
δΨ|DZ we get contributions to both structures considered here. The epsilon tensor
terms are canceled by the new δΨ|Z3 variation (6.1) of the f¯ΨZ term and the χχZ4
terms without structure constants. To cancel the non-epsilon terms we need to vary
the Klein-Gordon term with respect to Bµ to find that once again we seem to need
a special U(1) gauge field that varies into χ according to
δCµ|χ = −2iq(ǫ¯ADg χµBD − ǫ¯gBDχADµ )ZBa Z¯aA , (6.3)
again leading to the value q = ±1
4
. Note that to get the same value for q we have
normalized this variation and the previous one δCµ|Ψ in the same way as for the
corresponding terms in the variation of the non-abelian gauge field δA˜µ.
6.2 Terms quartic in fermionic variables
6.2.1 eǫ¯χD˜Ψ2
Terms of this kind come from the Dirac term by varying the dreibein, the super-
covariant spin connection, the R-symmetry gauge field, and the ABJM spinor field
itself. To these four contributions we add the terms obtained by performing a δZ
variation in the first part of the supercurrent and in the so called f-term, namely
f¯ · γΨZ¯ + c.c.. What remains to be canceled after these terms are added together
are terms with the derivative acting on the susy parameter. These final terms are
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exactly canceled by the variation of the second part of the supercurrent provided we
write the ABJM Dirac term in a manifestly real way after gauging, i.e., by replacing
−iΨ¯AaγµDµΨAa → − ie2 Ψ¯AaγµD˜µΨAa − ie2 Ψ¯AaγµD˜µΨAa, (6.4)
since this will mean that an otherwise required χ2Ψ2 term is automatically accounted
for.
6.2.2 eǫ¯χχΨD˜Z
The analysis here fixes the coefficient in the Lagrangian of the term that would
supercovariantize the χχZD˜Z term, namely eχ3ΨZ. We find that this term has a
vanishing coefficient and hence no term in the Lagrangian is of higher order than two
in explicit χ fields.
The calculation goes as follows. We add the contributions from the δZ in
eχ2ZD˜Z, δΨ in the Dirac term and eχ2Ψ2, δBµ variations of the Chern-Simons
term for the gravitino, δBµ, δΨ and δe of the χΨD˜Z term, the δωµ, δBµ, δΨ and δe
of the term fΨZ and finally δZ of the fχZ2 term. The result is
−1
2
(f¯µABγνχµAB)(Ψ¯
CaγνǫCD)Z
D
a + c.c. . (6.5)
However, this is exactly canceled by a term used already in the previous chapter on
cancelation of (D˜µ)
2 terms, namely the Riemann tensor term that arises in the δχ
variation of LA′′ . As we know from the supergravity analysis the double dual of the
Riemann tensor is a second rank tensor whose symmetric piece is second order in
derivatives while the antisymmetric part contains only one derivative. This latter
tensor is just, after dualization, the triple dual whose variation gives the above term
with opposite sign.
6.2.3 eǫ¯χχ2D˜|Z|2
Terms of this kind arise from the Chern-Simons term for the gravitino field, the
eχ2ZD˜Z term, and the two terms eR˜Z2 and ef¯χZ2. From the fact that these
cancel we conclude that the term that would supercovariantize the eχχZD˜Z term,
i.e. eχ2ZχΨ, has zero coefficient confirming the result obtained in the previous
subsection. This calculation is similar to the one just above but makes instead use
of the Riemann tensor coming from the variation of the term LRZ2 .
6.3 Terms of sixth order in fermions
These terms are all of the form e(ǫχ)D˜χ4 and do not arise explicitly in the variation of
any of the terms in the Lagrangian. Thus all such terms are hidden in the covariant
derivatives and therefore automatically dealt with when canceling the derivative
terms.
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6.4 Comments on the use of the U(1) gauge field
Here we continue the discussion of the extra abelian vector field that was started
at the end of the previous section. We saw there that it was possible to give the
ABJM matter fields a charge q under the corresponding U(1) gauge symmetry, and
furthermore that this charge was not determined by the cancelation of terms of order
(D˜µ)
2 in δL. However, as we have seen above, and now explain in more detail, the
value of this charge is fixed by the order D˜µ analysis performed in this section.
The terms relevant for this discussion are first of all the terms that remain after
canceling the (non-ABJM gauge field) variations at first order in derivatives, that is,
δL|remaining = (ZaJµb)(Kµ)ba + 116ZaJµa(Kµ)aa, (6.6)
where (Kµ)ba is a fixed expression, and secondly the total matter gauge field variation
δL|D˜µ = δA˜µab(Kµ)ba + qδCµ(Kµ)aa. (6.7)
Combined with (5.38) these variations cancel each other provided q2 = 1
16
. The
corresponding new transformation law for the abelian gauge field is thus found to be
δCµ = −iq(ǫ¯ABγµΨAaZBa − ǫ¯ABγµΨAaZ¯aB)
−2iq(ǫ¯ADg χµBD − ǫ¯gBDχADµ )ZBa Z¯aA. (6.8)
7. Cancelation of bifermion non-derivative terms in δL
In this section we add all terms in the Lagrangian that do not give any derivative
contributions to its variation , i.e., different kinds of eZ6 terms. By demanding
cancelation of all non-derivative two-fermion terms in δL the coefficients in L of
these eZ6 terms are determined which finalizes the structure also of the Lagrangian.
The relevant terms that must cancel arise from the old and new Yukawa terms
with Ψ varied into the ABJM Z3 term with an f and the new terms of this kind
without an f . Certain combinations of these expressions then cancel the contribu-
tions coming from varying Z in the various kinds of potential terms as will now be
explained.
7.1 e(ǫ¯Ψ)Z5 · f 2
These f 2 terms are known to cancel already in the original ABJM computation,
which is valid also here since no new contributions of this kind arise in the coupled
theory.
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7.2 e(ǫ¯Ψ)Z5 · f
These terms are similar to the previous ones but with only one structure constant.
They arise from several sources: first from the δΨ|Z3 variation of the ABJM Yukawa
term and secondly from δΨ|Z3·f variation of the five new Yukawa like terms without
structure constant. When adding these up the result can be seen to cancel the
variation of Z in the new potential term with one f .
7.3 e(ǫ¯Ψ)Z5
In the same fashion as for the previous cancelation these terms arise from the new
Yukawa like terms without f by varying Ψ into Z3 without f . Some of these terms
eliminate each other, while the remaining terms cancel the variation of Z in the new
f -free potential term.
7.4 e(ǫ¯γ · χ)Z6 · f 2
This kind of f 2 term comes from the δΨ|Z3 · f variation of the χΨZ3 · f and must
cancel the dreibein variation of the Z6 · f 2, i.e., the original ABJM potential term in
L, which it does.
7.5 e(ǫ¯γ · χ)Z6 · f
Terms with one structure constant arise from the δΨ|Z3 variation of χΨZ3 · f in L
and from δΨ|Z3·f variation of χΨZ3. After cycling of the indices in one of the terms
they cancel exactly the dreibein variation of the Z6 · f term in L.
7.6 e(ǫ¯γ · χ)Z6
These terms (without structure constant) arise from the δΨ|Z3 variation of the χΨZ3
terms in the action and from the variation of the dreibein in the Z6 potential without
structure constants. After cycling the SU(4) indices in one of the terms, and using
the self-duality relation, all terms can be seen to cancel.
8. Conclusions
In this paper we have coupled a general ABJM theory to the corresponding con-
formal supergravity theory constructed in section three of this paper. The proof of
supersymmetry of the coupled theory has been carried through for all terms in δL
with three, two and one derivative, together with all terms without derivatives that
are bilinear in fermionic variables (including the susy parameter). This has been
described in detail in the previous sections.
We will now discuss the remaining eight (non-derivative) terms in δL. Note
that at this point in the analysis, i.e., before checking these last terms in δL, the
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Lagrangian itself is in fact completely determined which is true also for the transfor-
mation rules. This follows from the fact that the only terms in the Lagrangian that
do not generate any derivatives when varied are the pure eZ6 terms. To determine
their coefficients it is then sufficient to consider the cancelation of all terms in δL
with two fermions. Concerning the transformation rules any term added at the non-
derivative stage would alter parts of the previous calculations involving terms with
derivatives and invalidate it.
Thus we conclude that the Lagrangian and the transformation rules presented in
section two of this paper constitute the complete answer. The last terms in δL that
must be analyzed in order to finalize the proof of supersymmetry are the following
(non-derivative) ones, ordered in decreasing number of χ fields,
ǫ¯χχ6, ǫ¯χχ4Z2, ǫ¯Ψχ4Z, ǫ¯χχ2Ψ2, ǫ¯χχ2Z4, ǫ¯Ψχ2Z3, ǫ¯χΨ2Z2, ǫ¯ΨΨ2Z. (8.1)
Of these the first one is part of the pure supergravity calculation, while the second
and third are part of the covariant derivatives in the coupled theory since the torsion
terms have been kept throughout the calculation. This fact also account for the
fourth kind of term in the list. However, explicit terms with this field content arise
in addition from varying, e.g., the dreibein in the Dirac term (plus an integration
by parts) and from the term that supercovariantizes the supercurrent term in the
Lagrangian. That the coefficient of this explicit eχ2Ψ2 term in the Lagrangian is
the correct one to provide this supercovarintization has been verified by checking the
cancelation of terms in δL with one derivative. Of the remaining terms in the above
list also the ABJM terms eǫ¯ΨΨ2Z have been verified to cancel. Thus the analysis
includes in particular all terms in the original ABJM theory. What remains to be
done is to check the cancelation of the fourth, fifth, sixth and seventh expressions in
the list above. This is a rather elaborate calculation and has not yet been done in
full detail.
Note that the last four structures in the list above can appear both with and
without a structure constant f . Of these we have only, as just mentioned, checked the
last one which is just an ABJM computation when it contains a structure constant.
However, when it does not it is more interesting since then it makes use of the
variation of the U(1) gauge field Cµ in the Dirac term and therefore gives additional
support for the way this field is being used here.
Since in this paper the parameters appearing in the Lagrangian and transfor-
mation rules are determined uniquely and in almost all cases from at least two
separate calculations, we are fairly convinced that the cancelations that have not
been established here will not alter any of our conclusions. Nevertheless, it would
be welcome to find an independent argument for why the construction in this paper
is correct. Methods that have been used in the past in similar circumstances are,
e.g., constrained gauged superconformal algebras, superspace, the embedding tensor
technique [15] and the construction of the on-shell supersymmetry algebra. Although
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the first was used early on to obtain the pure conformal supergravity theories and
the latter three were utilized in the more recent constructions of non-gravity M2
matter theories with eight (BLG), six (ABJM) or fewer supersymmetries, none of
them seem to straightforwardly give an argument that would guarantee the existence
of the type of coupled theories we are considering here. We hope to come back to
these issues in a future publication.
It is worth remarking that the scalar potential after gauging contains, apart from
the original ABJM terms with two structure constants, also terms with one as well
as no structure constant (see the last two lines of the Lagrangian presented in section
2.1). As a further check of the derivation of these new contributions to the scalar
potential one should verify that theory leads to an acceptable set of physical states.
Another term that is crucial in this context is the conformal coupling between the
curvature scalar and two scalar fields that arises in the process of checking super-
symmetry. By giving the scalar field a vacuum expectation value the theory can
be related to the corresponding one for a stack of D2 branes [16]. If we insert the
VEV into the potential terms with one or two structure constants one finds that they
do not contribute to the cosmological constant while the remaining potential terms
(without structure constant) give a non-zero contribution. Using a VEV chosen such
that it turns the − e
8
R˜|Z|2 term into a correctly normalized Einstein-Hilbert term,
one finds a theory where this term is accompanied by a gravity Chern-Simons term
and a cosmological constant. This part of the theory is described by the following
Lagrangian
L = − e
κ2
(R + 2
κ4
) + 1
2
ǫµνρTr(ωµ∂νωρ +
2
3
ωµωνωρ) . (8.2)
We note that up to a sign this Lagrangian (with κ2 = 16πG) is the same as the one
of Li, Song and Strominger [17] at a chiral point5. The chirality is a welcome result
while the sign may be problematic in view of the discussion in ref. [17] about the
energy of physical states (black holes) and the central charge of the boundary CFT.
Some final comments are in order. First we note that the rather simple connec-
tion that exists between the SU(2)×SU(2) ABJM theory and the BLG theory seems
less trivial after coupling these two theories to conformal supergravity. One compli-
cating factor is that the topologically gauged ABJM theory seems to rely on the
presence of an extra U(1) gauge field. The supersymmetry exhancement of ABJM
theories with abelian gauge fields has been discussed in [5, 6, 14]. It may also be of
some interest to set the structure constants to zero eliminating the non-abelian parts
of the ABJM gauge group and consider what might be a non-trivial new theory for
one conformal M2 brane with six supersymmetries. A slightly more involved case
arises if we set fabcd = δ
ab
cd which also solves the fundamental identity.
5This remains the case also if a level (or dimensionless coupling constant) is introduced in the
conformal gravity sector as discussed below. See [18] for further details.
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In connection with the abelian gauge field and the charge q = ±1
4
assigned to
the matter fields, it may be interesting to reconsider the normalization of the Chern-
Simons term since the level chosen for this term affects the value of q. In fact, since
also gravitational Chern-Simons terms are associated with levels [19] the general
issue of levels in topologically gauged BLG [7] and ABJM theories should be studied
further. Note that if we introduce an independent level in the supergravity sector,
or equivalently a dimensionless gravitational coupling constant at the classical level,
it should appear in the Lagrangian and in the transformation rules in such a way as
to make it possible to decouple the gravity and matter sectors by turning it off.
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